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Abstract 

We show how discrete torsion can be implemented in D = 4, = 1 type IIB orien- 
tifolds. Some consistency conditions are found from the closed string and open string 
spectrum and from tadpole cancellation. Only real values of the discrete torsion pa- 
rameter are allowed, i.e. e = ±1. Orientifold models are related to real projective 
representations. In a similar way as complex projective representations are classi- 
fied by H'^{r,€*) = i/^(r, [/(!)), real projective representations are characterized 
by H^[T,JR*) = H'^iT, Sj2)- Four different types of orientifold constructions are pos- 
sible. We classify these models and give the spectrum and the tadpole cancellation 
conditions explicitely. 
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1 Introduction 



On analyzing the effect of a non- vanishing B- field on the modular invariant partition function 
of an orbifold, Vafa realised that there is an ambiguity related to phase factors associated 
to the contributions of the different twisted sectors of the partition function. It is possible to 
weight the contributions of the {g, /i)-twisted sector, where g, h are elements of the orbifold 
group r, by a phase Pg^h without spoiling modular invariance. These phases are related 
to elements of H^{T,U{1)) in such a way that if ag^h is a 2-cocycle, the phases are of the 
form: Pg^h = (^g,h0tj^^g- These phases simply mean a freedom in changing the phase of some 
operators: the twisted fields in a sector twisted by g pick up a phase [3g^h when the element 
h of the orbifold group is acting on them. 

The effect of adding discrete torsion was analyzed in detail in some Zat x heterotic 
orbifolds with standard embedding Some of these models have zero or negative Euler 
characteristic. These models are also related to some complete intersection CY manifolds. 

Some examples were discused in detail by the authors of . They found that the twisted 
fields in models with discrete torsion are related to a deformation of the orbifold singularities 
(in contrast to a blow-up of the singularities in the case without discrete torsion). However, 
some of the necessary deformations to completely smooth out the orbifold are absent, i.e. 
some singularities (conifolds) remain. As was commented by Vafa the discrete torsion is 
related to some B-flux on a 2-cycle. The identification of this 2-cycle is carried out in [Q. 
There, a relation was found between the discrete torsion and the torsion part of the homology 
of the target space (more precisely, the torsion part of the blow-up of the deformed orbifold). 

Discrete torsion is implemented in theories containing Z)-branes by using projective rep- 
resentations of the orbifold group P, H]. These projective representations are classified by 
if^(r, f/(l)) in complete analogy with the discrete torsion in closed string theories found in 
Furthermore, the phases in projective representations appear in the amphtudes as 
a factor ag^hOthlg where a is the cocycle. Recently the relation between the closed string 
sector discrete torsion and the discrete torsion of the open string sector has been analyzed 
in disk amplitudes with a twisted closed state and a photon. In order for this amplitude 
to be invariant under F the discrete torsion (3 and the 2-cocycle must be related as above. 
Z^-brane charges are in correspondence with irreducible projective representations of F, i.e. 
for each irreducible representation there is a generator of the charge lattice. 

The deformation that was previously analyzed in the context of closed string theories |0 
can now be seen as deformations of the superpotential, changing the F-fiatness conditions. 
As in the closed string case, some singularities remain after switching on all the possible 
deformations (the remaining singularities are again conifolds). The relation of models of this 
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type with the AdS/CFT correspondence has been analyzed in 

The B-flux responsible for the discrete torsion parameter is related to some flux over a 
torsion 2-cycle. A similar problem has been analyzed in Type I strings: B-fiux on the tori 
of an orbifold T'^ /Ln @, |10], |Tl|. There, the new features appear at the level of untwisted 
tadpoles (reduction of the rank) and at the level of the closed twisted sector (some extra 
tensor multiplets in six dimensions). These models are T-dual to models with non-commuting 
Wilson Lines ||12|, |13|, [l^ . We will find some of these features also in dealing with the discrete 
torsion in open string theories. 

Another way of understanding the discrete torsion has been realized in As an 

analogue of the lift of the action of the orbifold group F to the gauge group (orbifold Wilson 
lines), one can understand the discrete torsion as an ambiguity in lifting the orbifold group 
action to another structure (gerbes). 1-gerbes are related to 2-forms, and the action of the 
orbifold group on it is described in terms of the group cohomology -ff^(r, U{1)). 

The aim of this article is to understand discrete torsion in orientifold models.[| We restrict 
ourselves to non-compact orientifold constructions. The compact cases will be treated in a 



future publication |T^. In section we review some of the characteristic features of discrete 
torsion in closed string and open string theories 0. In section ^, we analyze the D3- 
brane systems at an orbifold singularity in the presence of discrete torsion p, ^ . The closed 
string sector, the tadpole consistency conditions and some models are studied in detail. We 
analyze also the deformation of the Z2 x Z2 theory with discrete torsion to get the usual 
Z2 and conifold theories [|TH|. In section ^ non-compact orientifolds are constructed with a 
set of D3-branes at the orbifold singularity. In general, some D7-branes are also needed in 
order to cancel the Klein bottle contribution to the tadpoles. Some consistency conditions 
are found in different sectors: the closed string sector, the open string sector and the tadpole 
cancellation conditions. In all the models we consider, these three conditions lead to the same 
restriction on the discrete torsion parameter e: only real values are allowed in the orientifold 
case, i.e. e = ±1. The orientifold involution is related to real projective representations. 
Four types of orientifold models are found. This classification is based on the possibility of 
having vector structure or no vector structure for each of the two generators of 'Ln x '^m- The 
open string spectrum and the tadpole conditions are different for each of the four cases. We 
determine explicitly the open string spectrum of the D3-branes. Some of the deformations 
of the superpotential, that in the orbifold case are allowed, are not present in the orientifold 
case. In particular, only the deformation to the Z2 theory survives in the Z2 x Z2 model. 

Finally, some tools used in this paper are explained in the appendices. Many of the 

"'^A different approach has been taken by the authors of They discuss a compact type I Z2 x Z2 

orbifold. Their classification of possible models with unbroken supersymmetry agrees with ours. 
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results of this article are based on the theory of of complex and real projective representations 
il9| , pod - In appendix 0, we therefore give a summary of their basic properties. Appendix 
^ contains a detailed computation of the tadpole conditions for En x orientifolds. The 
relation between the shift formalism and the usual construction using matrices to determine 
the spectrum of orientifold models is explained in appendix |C[ We show how the shift 
formalism can be generalized to treat orientifolds with discrete torsion. 



2 Discrete torsion 

In the original paper of Vafa discrete torsion appeared as phase factors in the one-loop 
partition function of closed string orbifold theories. If we denote by Z{g, h) the contribution 
of the {g, /i)-twisted sector^], then the total partition function Z is given by 

^ (2.1) 

where T is the orbifold group. The usual case without discrete torsion corresponds to Pg^h = 
1 yg,h. The discovery of Vafa was that non-trivial phases are consistent with modular 
invariance if they satisfy the following conditions: 

Pg,g = 1' (^9,h = Phl^ Pg,hk = Pg,hl3g,k ^9, h,k eT. (2.2) 

This implies (see appendix ^ that these phases are of the form Pg^h = cngA'^h^g, where 
a is a 2-cocycle of the group T. The possible discrete torsions are therefore classified by 
the group cohomology if^(r, f/(l)). We will only consider Abelian orbifold groups, i.e. 
r is (isomorphic to) a product of cyclic groups. Moreover, as the internal space of the 
string models we want to discuss is complex three-dimensional, all the possible cases can be 
reduced to T = Z^v or T = Z^v x Za/. It is known (see e.g. ^) that H'^{Zn,U{1)) = 1 
and H^{Eiy x Em, U{1)) = Egcd(N,M)- As a consequence, discrete torsion is only possible in 
Ejy X Em orbifolds and is generated by one element of Egcd{N,M)- More precisely, let gi,g2 
be the generators of En, Em respectively, p = gcd{N,M) and choose Pg^,g2 = '^'^ , with uj^ 
a p-th primtive root of unity and m = 1, . . . ,p. All the other phases Pg^h are then fixed by 
(p.2|). In the notation of appendix 0, eq. ( |A.9| ), they read 



Aa,fe),(a',6') = e'^"'-""', With e = e^-"^/^ m = 1, . . . ,p. (2.3) 

As the partition function encodes the spectrum of the considered orbifold model, it is 

clear that discrete torsion modifies the spectrum. From a geometrical point of view this 

^By this we mean the contribution from world-sheets that are twisted by g in their space direction and 
by h in their time direction. 
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change in the spectrum can be understood from the fact that discrete torsion changes the 
cohomology of the internal space f^. However, the spectrum of the untwisted sector remains 
unchanged, as can be seen from /Sg^e = 1 (this follows from the third equation in ( ^.2^ by 
setting h = g and k = e, where e is the neutral element of F). 

The generalization of discrete torsion to open strings has been found by Douglas The 
matrices jg that represent the action of the elements g of the orbifold group F on the Chan- 
Paton indices of the open strings form a projective representation: 7^7/^ = ag^hlgh- The ag^h 
are arbitrary non-zero complex numbers. They are called the factor system of the projective 
representation 7 and they form a 2-cocycle in the sense that they satisfy ( |A.2| ). Two matrices 
7g and 7^ are considered projectively equivalent if there exists a non-zero complex number 
Pg such that 7g = Pg'^g- As shown in appendix ^ the set of equivalence classes of cocycles a 
is H'^iV 1 U{1)). Thus, the ambiguity due to the projective representations in the open string 
sector is classified by the same group cohomology as the discrete torsion of [||] in the closed 
string sector. It is therefore natural to assume that choosing a non-trivial factor system Ug^h 
corresponds to discrete torsion in the open string sector. Moreover it was shown in 0, 
that a factor system ^ in the open string sector of some orbifold model leads to phases 
l3g,h = cng^hOih^g in the closed string partition function of this model. 



3 Non-compact orbifold construction 

Let us consider a set of Z^S-branes at an orbifold singularity of the non-compact space C'^/F, 
where F = Zat x ^Af- The effect of discrete torsion in such models has been studied in 
1^, ^ 1^ . For completeness and to fix our notations we first summarize their results and then 
expand on them. 



3.1 Closed string spectrum 

The closed string spectrum in D = 4 can be obtained from the cohomology of the internal 
space (D^/F. Strictly speaking, this spectrum is continuous because C'^/F is non-compact. 
However, as noted in footnote 2 of it is interesting to determine the massless spectrum 



that would emerge, if the internal space were compactified. This is what we want to do. The 
analysis is similar to the one performed by Vafa and Witten The cohomology can be 
split in untwisted and twisted contributions: H^''^ = i^untw + J2ger\{e} ^g''^- The untwisted 
Hodge number /luntw = ^^^{Hf^ntw) is just given by the number of F-invariant (p, g)-fornis 
on C^. This result is independent of the discrete torsion. The twisted contributions are 
due to the singularities of C^/F. In the sector twisted by g, one has to find the F-invariant 
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forms that can be defined on the subspace Aig of that is fixed under the action of g. 
If discrete torsion is present, then the forms on Aig must be invariant under the action of 
h combined with a multiplication by (3g^h V/i G F. In the non-compact case that we are 
treating here, Aig is either a point at the origin of or a complex plane located at the 
origin of the transverse C^. In the former case there is only a (0, 0)-form. If no discrete 
torsion is present, it is invariant and contributes one unit to h^'^ or to /i^'^ depending on the 
specific model. In the case with discrete torsion, there is no contribution to the cohomology 
from this sector. If Aig is a complex plane, then, in the case without discrete torsion, the 
(0, 0)-form and the (1, l)-form are invariant. They contribute one unit to h^'^ and to h"^'"^. In 
the case with discrete torsion the (0, 0)-form and the (1, l)-form are invariant if f3g^h = 1 V/i. 
The (0, l)-form and the (1, 0)-form are invariant if the action of h multiplies these forms by 
a phase which is opposite to Pg^h V/i. In this case, they contribute one unit to /i^'^ and to 

For simplicity let us first take F = Z2 x Z2 and then indicate the generalization 
to Zat X Using the method explained above, the Hodge diamond of the untwisted 

cohomology is found to be 



1 


3 
13 3 1 
3 

1 

For all the other En x Em models, one finds nearly the same untwisted cohomology, the 
only difference being that in those cases /luntw = ^untw = 0- 

There are three twisted sectors in the Z2 x Z2 corresponding to the three non-trivial 
elements (0,1), (1,0), (1,1), where we used the notation introduced in appendix ^ (below eq. 



( |A.8| )). Each of these sectors gives the same contribution to the twisted cohomology. In the 



case without discrete torsion: 
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In the case with discrete torsion: 
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For a general Zat x orbifold one finds that, only if minimal discrete torsion e = a;gcd(Ar,M) 
(i.e. m = 1 in (|2.3|)) is present, is there a non-zero contribution to hl^ = Y^g^r\{e} ^g'^- Three 
cases can be distinguished: 

i) N = M h]^ = ht' = 3 

ii) N = gcd(iV, M) < M = ht' = 2 

iii) N + gcd(iV, M) ^ M ^ = ht' = 

In order to obtain the closed string spectrum in D = 4, one has to dimensionally reduce 
the massless spectrum of type IIB supergravity in D = 10: the metric g^^'^\ the NSNS 2- 
form B^^^\ the dilaton the RR-forms Cj^°\ °\ (We only give the bosons, the 

fermions are related to them by supersymmetry.) This is done by contracting their Lorentz 
indices with the differential forms of the internal space. The resulting spectrum has M = 2 
supersymmetry in D = 4. For a general configuration we get: 

• g^*\ (/i^'i + 2/i2.i) scalars (from g^^^^) 

• a 2-form, h^'^ scalars (from 

• a scalar (from 0^^'')) 

• a scalar (from the C'q^^) 
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• a 2-form, h^'^ scalars (from C2^°'*) 

• {h'^'^ + 1) vectors, h^'^ 2-forms (from C^'^^). 

These fit into the following J\f = 2 SUSY representations (see e.g. p2| ): 

• a gravity multiplet (consisting of g^'^\ a vector and fermions) 

• a double tensor multiplet (consisting of two 2-forms, two scalars and fermions) 

• h^'^ tensor multiplets (consisting of a 2-form, three scalars and fermions) 

• /i^'^ vector multiplets (consisting of a vector, two scalars and fermions) 

For the E2 x E2 example we find (in A/" = 2 multiplets): 

- without discrete torsion: gravity, a double tensor, 3 vectors and 6 tensors 

- with discrete torsion: gravity, a double tensor, 6 vectors and 3 tensors 

3.2 Tadpoles 

In the orbifold case, only oriented surfaces appear in computing the tadpoles. There is only 
one involving branes: the cylinder. As the space is non-compact all the tadpoles with an 
inverse dependence on the volume of the internal coordinates vanish. These are the untwisted 
ones and those corresponding to twisted sectors that leave one complex plane fixed. So there 
is no restriction on the total number of branes and on Ti'-fg if g has a fixed plane. This 
means that, for example, in the E2 x Z2 case there is no restriction from tadpoles (that is 
the case of ref. |P). 

In general, one can add DTj-branes to the system of D3-branes at the singularity, where 
the index i = 1,2,3 refers to the complex plane with Dirichlet conditions. Then the cylinder 
amplitude can be split into four sectors: 33, 7j7j, 7i7j and 7^3. It is convenient to denote a 
group element g = gig'^ of F = Zat x Em by the 2- vector k = {n,m). Similarly, we form 
2-vectors of the components of the twist vectors Vi and Wi that represent the action of gi and 
g2 on the i-th complex plane: Vi = {vi,Wi). If we define Sj = sin(7rfc ■ Vi), then the cylinder 
contribution is of the form (see appendix 0): 

(N,M) ^ ^ 

C= ^ 8siS2S3Tr7^^3 + ELi2siTr7fc7^ . (3.1) 
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As D7-branes are not needed for the consistency of the orbifold models, we restrict ourselves 
to configurations without D7-branes. In this case the tadpole conditions are summarized by: 



Tr7g = 0, if g has no fixed planes. (3-2) 

As we have seen, discrete torsion appears in two ways: as phase factors in the closed string 
partition function and as a non-trivial factor system in the projective representation of the 
orbifold group on the Chan-Paton indices of open strings. The former could only modify 
the Klein bottle diagram the latter could only affect the Mobius strip. Both diagrams are 
not present in the orbifold case. Consequently, in this case, the tadpole conditions are not 
changed by discrete torsion. 

Using formula ( |A.14| ) for the characters of a projective representation, it is easy to find 
solutions to the tadpole conditions (|3.2|) . According to the results of appendix ^ the matrix 
jg (with g = glg'^ of a general projective representation with discrete torsion e is of the form 

^iV^y-' {u%^g,T {^Ml,.f ® 2n«, (3.3) 
k,l 



where and are given in ( |A.11D , A; = 0, . . . , N/ s — 1, / = 0, . . . , M/ s — 1. We recall that 
7g^^2 (-5 ^ s)-matrices, where s is the smallest positive integer, such that = 1. One can 



readily verify that the regular representation, i.e. = s V/c,/, is a solution of (|3^) . But 
there are many more solutions. For example each set of Uki that either only depends on k 
or only depends on / (i.e. riki = V/ or = fii'i k) is possible. 

To make some further statements, we need to specify how the generators gi, 5^2 of Za? x Zm 
act on the three complex coordinates of the internal space. We choose the following action: 

gi . [zi,Z2,zs) [e zi,e Z2,e Z3) 



92 ■■ 



[Zi,Z2,zs) [e zi,e Z2^e z^) 



with t; = 1(1,-1,0), ^ = 1(0,1,-1). (3.4) 



For N = M, all possible actions of gi, g2 can be brought to the form ( |3.4| ) by permuting the 
elements of Zat x Zat. If 7^ M, one can choose different (non-equivalent) actions for gi, g2. 
We restrict ourselves to one alternative: 

gi ■ [Zi,Z2,zs) [e zi,e Z2,e z^) 
g2: (^1,^2,^3) ^ {e^^'<z,,e^^'<Z2,e^^'<Z3) 
with t; = 1(1,-1,0), u;' = l(l,-2,l). (3.5) 
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To distinguish the two different actions, we will denote the orbifold corresponding to the 
latter by x 

Two interesting cases are {i) N = M and (ii) M a multiple of A^. In the first case, there is 
no tadpole condition for s = N and s = N/2 (the only non- vanishing characters correspond 



to group elements that have fixed planes, see eq. (|A.14|) ). So the first condition arises for 
s = N/3, which only for > 6 leads to an orbifold with discrete torsion. The condition 
that the of Q have to satisfy for = M = 6 and s = 2 is Em=o rifc/e^^^^'^+^O/^ = 0. 
As shown above, it is easy to find solutions for the n^/. For higher A^ more conditions of this 
type have to be satisfied. If M is a multiple of A^, then there are non-vanishing characters 
even in the case of minimal discrete torsion, s = N: Tr7(o,civ) = NYli=o^ ^^o,/i^m^, where 
c = 1, . . . ,M/N — 1. However, the group element {0,cN) has a fixed plane if the group 
action is as in (|3.4|). Thus, only for the Za? x Z^,^ orbifold do we get a tadpole condition 
in the case s = A^. A solution to this condition is to take tiqi = n^l. If M/N is a prime 
number, then this solution is unique, else different choices for n^ i are possible. 

3.3 Open string spectrum 

Discrete torsion is implemented in the relation between the elements 7^ of the representation 
of the group acting on the Chan-Paton matrices 0: 

Iglh = Olg^hlgh- (3.6) 

As in the case without discrete torsion, one gets the gauge fields A'-^-' and matter fields 
A*^*\ i = 1,2, 3, taking the solutions to the projections: 

= r{g)X, (3.7) 

where r{g) is the matrix that represents the action of ^ on A = (A(°),AW,A(2),A(3)). 

Let us first treat the E2 x Z2 model of in detail and then show how this is generalized 



to more complicated models. The only non-trivial phases in (|3.6| ) are 



«g,h = = (3.8) 

where we have denoted the generators of the first and second Z2 by g and h. This corresponds 
to a projective representation with discrete torsion e = ag^^a^g = —1. From ( p.3|) , we find 
that the matrices are of the form: 

7e = 12® In, (3.9) 
Ig = CTs (g) In, 
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7h = CXl (S) In, 
Igh = 0-2 ® In, 

where Uj are the Pauh matrices and n is an arbitrary parameter (it counts the number of 
dynamical D-branes). 

The solution to ( p.7|) is given by 

A(°) = l2®X, A^^) = ai®Zi, (3.10) 

where X, Zi are arbitrary {n x n)-matrices. This corresponds to gauge group U{n) and three 
adjoint matter fields Zi, Z2, Z3 in TV = 1 multiplets. The superpotential can be obtained in 
the usual way and reads: 

W = Tt{Z,Z2Zs + Z2Z1Z3). (3.11) 

It has to be completed the by the deformations 

3 

= EOTrZ,, (3.12) 

j=i 

where Q are the twisted modes from the closed string spectrum. 

For general 7-matrices (|3.3| ), representing the action of Ztv x Zm on the open strings, the 
solution to ( |3.7| ) is a gauge group 

N/s-l M/s-1 

n n (3.13) 

k=0 1=0 

with matter in adjoint and bifundamental representations. For some models the tadpole 
conditions impose restrictions on the numbers n^^. The spectrum can easiest be obtained 
from the corresponding quiver diagram, as explained in . A more rigorous way to find the 
spectrum uses the shift formalism developed in We explain this method in appendix |C[ 
Note that a E^- x Em orbifold with discrete torsion characterized by the integer^ s has the 
same open string spectrum as the orbifold E^/s x Em/s without discrete torsion. The only 
difference appears in the superpotential where some of the terms acquire additional phases 

i- 

In table we present the explicit solution for some models. 

Note that the E2 x Zg example with discrete torsion e = — 1 would have non-Abelian gauge 
anomalies if the gauge group were U{ni) x U{n2) x [/{n^), with n\ ^ n2 ^ n^. However, 
as mentioned in the previous subsection, the requirement of tadpole cancellation implies 

^Recall that s was defined as the smallest positive integer, such that e** = 1. 
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r 


torsion 


gauge group 


matter 


Z2 X 


—1 


U{n) 


6 adj 


Z3 X ^3 


27ri/3 


U{n) 




Z2 X Z4 


-1 


U{n^) X U{n2) 


(ao(7-, I) + (I, adj) 

+2(n,n) + 2(n,n) 


Z4 X Z4 


i 


U[n) 


7 • 


Z4 X Z4 


-1 


C/(ni) X UM 

xU{n3) X U{n4) 


(□, □, I, I) + (I, □, □, I) + (I, I, □, □) 
+ (□, I, □, I) + (I, □, I, □) + (□, I, I, □) 

+ conjugate 


Z2 X Ze 


—1 


U{ni) X U{n2) X ^/(na) 


(□,□, I) + (□,!,□) + (]!,□,□) 
+(□, □, I) + (□, I, □) + (I, □, □) 
+[adj, R, R) + [R, adj, R) + [R, R, adj) 


/2 X /q 


—1 


rr/ \ TT/ \ TT/ \ 

u [n) X U [n) X U [n) 


/F^ 1 — 1 IT \ 1 /i — 1 IT 1 /' IT 1 — 

3(n,n, 11) + S[D, 11, □) + 3(]i,n, □) 


Za xZe 


g27ri/3 


U{n^) X U{n2) 


{adj, 1) + {l,adj) 

+2(n,n) + 2(n,n) 


Ze X Ze 


27r? /fi 


TT / \ 

U{n) 


6 adj 


Ze xZe 


g27ri/3 


U{ni) X U{n2) 
xU{n2) X U{ni) 


(□, □, I, I) + (I, □, □, I) + (I, I, □, □) 

+ (□, 2, □, I) + (I, □, I, □) + (□, 1, 1, □) 
+ coniugate 


Ze xZe 


-1 


U{n^f X U{n2f X U{n^f 


(□, I, I; I,I,I;n, I, I) 
+(□,□, I; I, I, I; I, I, I) 
+(□, I, I; I, I, I, I) 



Table 1: Open string spectrum of some non-compact orbifolds with discrete torsion. The 
conjugate representations are obtained exchanging fundamentals and antifundamentals. Un- 
derlining stands for all cyclic permutations of the underlined elements (first line) respectively 
cyclic permutations of groups of three entries (second line). If two groups of entries are un- 
derlined, they are permuted simultaneously and not independently. Thus, in the case of 
Ze X Zq, e = — 1, one has 27 matter representations. 
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that 111 = n2 = ^3.0 This can be seen as follows. The action of x Zg on the complex 
coordinates is as in ( p.5|) . There are three twisted sectors (we are not taking into account 
the inverse because they give the same tadpole cancellation condition) that do not have any 
fixed plane: h, h"^ and gh, where g and h are the generators of Z2 and Zg. Three tadpoles 
must be cancelled: 

Tr7/, = 0, TY-fgh = 0, Tr7;,2 = 0. 



(3.14) 



The action of the orbifold group on the Chan-Paton indices can be chosen as 
7/^ = d^a^7(I„„-I„„e2-/''l„„e8-/6l„„e^'^*/'^I„3,ei°-^/6l, ^ 



/O 1 
1 



73 



1 

1 



V 



1 

1 OJ 



(3.15) 



The first two tadpole conditions are inmediatly satisfied but the third one implies: 

ni + e^^^/^ns + e-^^^'^^n^ = 0. (3.16) 
The solution coincides with the condition for non-Abelian gauge anomaly cancellation: ni = 

A similar calculation shows that, in the case of Zg x Zg with discrete torsion e = — 1, 
the gauge group is not of the most general form (|3.13| ). One needs ni i = = rii ^,, 
^2,1 = n2,2 = n2,3 and ns^i = n3,2 = "^3,3 for tadpole cancellation. The same condition can 
also be deduced from the requirement of anomaly freedom. 



3.4 Resolution of the singularities 



D-branes are interesting probes of geometry and topology. World volume theories of D- 
branes at a singularity are related to the structure of this singularity. Spacetime can even 
be understood as a derived concept, emerging from non-trivial moduli spaces of the theory 



on the D-brane |21, 26 



In our case, there is a correspondence between the moduli space of the theory and the 
transverse space to the i53-branes. This correspondence allows a map between different 



theories and different singularities (this has been extensively studied, see e.g. ||23, |T^) 



"'The relation between anomaly freedom and tadpole cancellation has been discussed in |24, 2 
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Cases without discrete torsion are related to deformations of the D-flatness conditions. 
Fayet-Ihopoulos terms are controlled by the twisted sector moduli. Non-trivial values of the 
Fayet-Iliopoulos parameters can be interpreted as resolutions of the singularities transverse 
to the branes. Arbitrary values of these terms resolve completely the singularity. 

Cases with discrete torsion are related to deformations of the F-fiatness conditions H. 
The singularities are not smoothed out by blow-ups but by deformations [^]. However, these 
singularities cannot be completely smoothed out due to the lack of a sufficient number of 
twisted states. Some singularities are remaining. 

Resolutions and deformations are the two main strategies of desingularization of orbifolds. 
An analysis of the different desingularizations associated to some orbifold singularities is done 
in ||2^. Only a small number of the possible desingularizations are available in string theory. 

In this section we want to find the field theories related to the deformation of the C /Z2 x 
Z2 singularity with discrete torsion e = —1. The analysis in the orientifold case will be 
derived from this one. 

From the three adjoint fields one can construct the SU{n) invariants. We consider the 
diagonal U{1) as decoupled p9[. These SU{n) invariants are of the form: 

= Tr(Z,Z,), (3.17) 

B = Tr(Zi[Z2,Z3]). 

They satisfy the following relation: 

5^ = detM. (3.18) 



Using the F-fiatness conditions coming from the superpotential (|3.11|) , (|3.12|) above, one 
can obtain the following relation between the invariants: 



det 



/Mn C3 C2 \ 

C3 M22 Ci 
V C2 Ci M33 / 



B' 



(3.19) 



There are three different singularities derived from this case: 

(i) If all the Q are equal to zero the above equation between the invariants is of the form: 



M11M22M33 = B\ 



(3.20) 



This is a Z2 X Z12 singularity. 
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(ii) If only one of the three Q, say Ci, is different from zero, the equation relating the 
invariants is: 

Mn(M22M33-Ci) = B\ (3.21) 

The singularity is at the points (M22M33 - Ci , M11M33, M11M22, -2S) = (0,0,0,0). 
This corresponds to a C* of singularities. Changing the variables, such that the singu- 
larity will pass through the origin, one has: 



M22 = Ci + x + y, 
M33 = Ci + x-y. 



(3.22) 



Taking the lowest order in the polynomial (just for analyzing the points near the 
singularity), gives: 

Mn(2xCi) = B^. (3.23) 

That is a Z2 singularity. In order to obtain the field theory, let us give the following 
vev's to the fields: 



0, {Z2 



vers, 



{Z3 



(3.24) 



Plugging these values back into the F-flatness conditions, allows us to get the defor- 
mations: 

C2 = Cs = 0, Ci = 2^;2. (3.25) 
These vev's break the group down to U{n/2) x U{n/2). The remaining spectrum is: 





U{n/2) 


U{n/2) 


01 


adj 


1 


02 


1 


adj 


A12 


□ 


□ 


B12 


□ 


□ 


Ml 


□ 


□ 


B21 


□ 


□ 



The Ai2-i B12, A211 B21, 4>i and 4>2 can be seen as the components of the Zi matrices: 

(3.26) 



^ ^ I Bii B12 
B21 B22 



(Ml + 00/2 2Ai2 

2^21 (M2 + 02)/2 



(3.27) 
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^ / (Ml - 00/2 -2Ai2 

V -2^21 (M2-</)2)/2 

The fields Mj and -Bjj get masses. The relation between the non-diagonal components 
of the Z2 and fields comes from the degrees of freedom that are eaten by the Higgs 
mechanism. The superpotential for the massless fields is obtained by integrating out 
the massive states: 

W = -2Tr[(0i + 02)(A252i + A2i5i2)]. (3.29) 




(iii) Let us now take all the three Q different from zero. For that, one can analyze how are 
the possible deformations of the Z2 case above (another possibility with the same result 
is taking the vev's of the fields all proportional to as). Let us take for simplicity U{1) x 
[/(I) as the gauge group at the Z2 singularity. The deformations can be expressed in 
terms of the massless fields using the F-flatness conditions. There are four possible 
solutions: 

AW = ±2v^\4v + -A^2A2^ + (3.30) 



8 1 
±2w^[4f + -A12A21 + — 
V Av 



AW 



(3,31) 



The second one is the deformation considered by Klebanov and Witten |T3] that takes 
to the theory at the conifold. The superpotential gives masses to the two adjoints, 
leaving as massless spectrum: 





U{n/2) 


U{n/2) 




□ 


□ 


B12 


□ 


□ 


A21 


□ 


□ 


B21 


□ 


□ 



4 Non-compact orientifold construction 

Let us locate a set of D3-branes at an orbifold singularity of C^/F. The action of the orbifold 
group F permutes the branes in an appropriate way We take an orientifold of the form 
Q' = ^](-l)^^i^li^2^3 in order to preserve A/" = 1 supersymmetry in the effective theory in 
four dimensions (A models in ||30|). The action of Q on the Chan-Paton matrices can be 
chosen to be either symmetric (Al models) or antisymmetric (A2 models). In general these 
models will need the presence of D7-branes for consistency. This can be deduced from the 
tadpole cancellation conditions. 
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4.1 Closed string spectrum 



As in the orbifold case, the closed string spectrum is continuous because the space IS 
non-compact. Again, the philosophy is to find the spectrum that would exist if the internal 
space were compactified. The Q parity is accompanied by a J operation that relates states 
from one twisted sector with states from the inverse sector. In order to obtain the QJ 
invariant states one must combine the states from the g and twisted sectors. Because of 
this, the counting of states is different compared to the orbifold case. 

For sectors that are invariant under the J permutation, i.e. the untwisted sector and 
the order-two twisted sectors, the spectrum in four dimensions is obtained by dimensionally 
reducing the fields of the type I string in ten dimensions. These fields are the metric g^^^^ 
and the dilaton (f)^^^'' in the NSNS sector and the 2-form 02^^^ in the RR sector. Their 
Lorentz indices have to be contracted with the differential forms of the untwisted and order- 
two twisted cohomology (see section In A/" = 1 representations these sectors give: the 
gravity multiplet, a linear multiplet and {h^'^ + /i^'^)untw+ordor-two chiral multiplets. 

One can split the remaining sectors into two types: 

- The sectors twisted by g that give the same contribution to the cohomology as their 
inverse sectors, i.e. twisted by g~^ (these sectors always have fixed planes). Together they 
give hg'^ linear multiplets, h"^'^ vectors and h^'^ + /i^'^ chiral multiplets |]3l| . 

- The sectors twisted by g that give a different contribution to the cohomology as their 
inverse sectors. Only one combination of the fields survives: h^'^ linear multiplets and h^'^ 
vectors. If the contribution from the (^-twisted sector to /i^'^ and h^'^ is not the same (that 
happens if the discrete torsion is different from ±1), one cannot match properly the states 
from one sector to the inverse sector. An orientifold model that contains such a sector is 
ill-defined. This consistency criterium agrees with the one we will find in the open string 
sector. There, it turns out that only real values of the discrete torsion are allowed.^ 

In table 0, one can compare the Z2 x E2 and Z3 x Z3 closed string spectrum. The first 
one admits the values e = ±1 for the discrete torsion. Note that, although the cohomology is 
different in both cases, the closed string spectrum is the same for both values of the discrete 
torsion. The Z3 x Z3 model has H'^{T,U{1)) = E3, that is e = e^'^'^'/^ or e = 1. Only the 
last value is allowed in the orientifold case. 

Let us explain in detail why the closed string spectrum cannot be consistently defined if 
^9 ^ 7^ /ig ^ for a sector twisted by g. The states corresponding to this sector can be obtained 

^We thank Angel Uranga for pointing out to us that this can also be seen by noticing that flJ is not a 
symmetry of type IIB theory in the case of non-real discrete torsion. 
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r 


torsion 


closed string spectrum 


Z2 X Z2 


1 


1 G + 1 L + 9 $ 




-1 


1 G + 1 L + 9 $ 


Z3 X L-i 


1 


1 G + 5 L + 6 $ 




g±27rj/3 


not well defined 



Table 2: Closed string spectrum for the orientifolds Z2 x Z2 and Z3 x Z3 with and without 
discrete torsion . The spectrum is organized in A/" = 1 representations {G is the gravitational 
multiplet, L a linear multiplet and $ a chiral multiplet). 



from the shift formalism.^ Take one sector g with /i^'^ 7^ and h?^'^ = 0. This gives /i^'^ 
helicity components +1 of some vectors and none with helicity —1. In the inverse sector 
g^^ one gets h^^-i = and /i^i = /i^'^. This leads to /i^'ii helicity components —1 of some 
vectors. In type IIB theory this causes no problem, we get /i^'^ vectors. The problem arises 
if we want to impose the J projection that relates the ^f-twisted sector with its inverse: One 
cannot match the states from these two sectors because they have opposite helicity. 

This rules out several orientifold models: E3 x E3 with discrete torsion, Z4 x Z4 with 
discrete torsion ±i, Z3 x Zg with discrete torsion, etc. One can check that the orientifold 
projection is compatible with discrete torsion only for the values e = +1 and e = —1. This 
can be seen from the formulae for /i^'^ and /i^'^ in the compact cases [0: 



h'/ = T^^T.P9AX{9,h)e'-'^^^\ (4.1) 
I-*- I her 



her 



Only if the discrete torsion is real, are h^'"^ and /i^'^ equal for any twist. We will see that 
this criterium in the closed string sector coincides with the one coming from the open string 
sector related to projective representations. 



4.2 Tadpoles 

As stated above, discrete torsion appears as a phase between different twisted sectors in 
closed string theories and as a phase between the matrices that represent the action of 

^This will be explained in detail in p^ . 
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r on the Chan-Paton indices in the open string sector. In order to compute the tadpole 
contribution, one must sum over three different diagrams: the cyhnder (C), the Mobius strip 
(Ai) and the Klein bottle (/C). The first two diagrams contain a trace over the projective 
representation 7. Discrete torsion phases appear in the Mobius strip and in the Klein bottle. 
The three diagrams can be written as a sum over twisted sectors: 

C = J2C{g), M = J2M{g), /C = ^ l,/3,,,/C,(^), (4.2) 
ger ger g,her 

with C((7)oc(Tr7,)2 and M{g) <x Tii^^l^^g). 

The phases Ph,g satisfy (|2.2|) and are related to the discrete torsion. The additional factor 
ih = ±1 appears because of the possibility of having vector structure or not in each of the 
two factors of En x Em- As J relates the orbifold elements h and h~^, the only non-vanishing 
contributions to the Klein bottle are (see appendix of |2^) }Ce{g) and lCf^(2){g), where e is 
the neutral element of V and /i*-^-* is of order two, i.e. {h^'^^Y = e. The first of these two 
contributions is not modified by discrete torsion, because ( p.2| ) implies /3e,g = 1. The second 
contribution depends on discrete torsion, as explained in appendix 

In general, models of this type require the presence of DT-branes. The tadpole calculation 
is detailed in appendix 0. To give the result of this calculation, we first introduce some 
notation. It is convenient to denote the group elements of F = x Za/ by = {n,m) 
as in eq. (|3.1|). One has to distinguish even twists k, i.e. there is a fc' G F, such that 
k = 2k', from odd twists that cannot be written in this form. If is odd and M is even, 
there exists one order-two element ki. UN and M are both even there are three order-two 
elements ki, k^, where the index denotes the complex plane that is fixed by this element 
(i.e. ki = (0, M/2), etc). As will be explained below, the generalization of the notion of 
vector structure to En x Em orientifolds leads to four different boundary conditions on the 
7 matrices: 7^ = ±1, 7^^ = ±1. We define the numbers /ij = ±1 (the index i refers to the 
complex plane that is fixed by the corresponding group element) by 

7^: = /^3lI, 7^^ = /^ilI, (7.,7.J'^'"^^'^^ = /^2]I. (4.3) 
Of course, only two of the independent. One can show that 

^r^'""^' /is /il if and ^^jj(|;jgy odd 

= <! /^i if ,,J^,M) even , (4.4) 

where e is the discrete torsion parameter of ( ^.3| ) and we used that e only takes the values 
±1. Due to the fact that the 7-matrices form a projective representation, there may appear 



if 


M 


and 


gcd{N,M) 


if 


M 


even 


gcd{N,M) 


if 


N 


even 


gcd{N,M) 
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a phase 5^ in the Mobius strip: 



Tr(7nhns) = 4Tr(7i). (4.5) 

Finally, we define 

Si = sin(7rA; ■ Vi), Si = sin(27rfc ■ Vi), Ci = cos(7rA; ■ Vi). (4.6) 
In this notation the tadpole conditions for a general Zat x Za/ orientifold read: 
a) If and M are both odd: 

3 

8S1S2S3 Tr 72fc,3 + 2s^ Tr 72^^^ = 5fe32siS2S3. (4.7) 



i=l 



b) If N is odd and M is even: 

- for odd k: 

- for even twists 2k: 



3 

8S1S2S3 Tr 7fe_3 + ^ 2si Tr 7fc^7^ = 0, (4. 

i=l 



3 

8si5253Tr72fc^3 + ^2siTr72fcj^ = (5fc32(siS2S3 - eiSiC2C3), (4.9) 
1=1 

where ei = e^^. 

As explained in appendix |B|, in order to factorize the amplitudes in the appropriate 
way, one must impose some restrictions on the 'vector structures'. In the present case, 
one needsQ 

/ii' = fii^' = -lii' = -lii' = h. (4.10) 

c) If and M are both even: 

Only in this case discrete torsion e = — 1 is possible. The tadpole conditions are: 

- for odd k: ^ 

8siS233Tr7s,3 + ^2s,Tr7^,7^ =0, (4.11) 

i=l 



^Strictly speaking, these relations only follow from tadpole factorization if M > 2. However, these 
conditions are still valid in the case M = 2. This can be seen by similar arguments as the ones used in [p5|. 



The same applies to the relations (4.12) below 
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- for even twists 2k: 

3 

85iS253Tr72fc^3 + ^25iTr72fc^7^ = e"'''''2432(siS2S3 - ^ ei(3iSiCjCk), (4.12) 

where = e^,, A = /J^^^fc. 
As in the previous case, there are some conditions on the 'vector structures': 

3 7i 72 73 ~ 

f^l = f^l = —f^l = —f^l = ^1, 

/xs' = -/xs'^ = -1^3'' = 1^3'' = h. (4.13) 
In addition the q are related by 

g,g2e3 = 6-^^^/^ (4.14) 

Let us discuss some examples: 

• X Z2: All tadpole conditions vanish. As in the orbifold case, the contribution from 
the untwisted sector vanishes because the space C'^/F transverse to the D3-branes is 
non-compact and the tadpoles depend on the inverse volume. The twisted sectors 
(1, 0), (0, 1) and (1, 1) each leave one complex plane fixed (the third, the first and the 
second respectively). The sum over the windings along the fixed direction leads to a 
dependence on the inverse volume of the fixed plane. In particular, no D7-branes are 
needed for this model to be consistent. 

• ^3 X Z3: There is one twisted sector that does not fix any plane but has only a fixed 
point at the origin, namely the sector twisted hy g = (1, 2) or by its inverse = (2, 1). 



Tadpole cancellation implies |33, [33 



- Tr7(i,2),3 + ^(Tr7(i,2),7i + Tr7(i,2),72 -Tr7(i,2),73) = 45(2,i). (4.15) 

But this condition cannot be satisfied if there is discrete torsion. The only allowed 
values of the discrete torsion parameter different from one are e^^'^*/^. For these val- 
ues there is a unique projective representation (see appendix ^ with the following 
character: 

Tr7g = yg^e. (4.16) 

(Tr 7e is related to the total number of branes.) Thus, we see that the above condition 
can never be satisfied for this projective representation. This inconsistency agrees with 
the one we found in the closed string sector of the same model. 
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A similar analysis can be done for other orientifolds, with the result that no solution can 
be found for certain values of the discrete torsion. In Zat x niodels §], with discrete 
torsion e = e^'^*'"/^ and m and coprime, there is only one irreducible representation^ 
of the discrete group with this torsion as a factor system. This means that the caracters 
of this representation vanish for all group elements except for the unit element, i.e. 
( |4.16D is valid for all of these models. Following the same argument as in the Z3 x Z3 
case, one finds that all Zat x Zat, > 2, orientifolds with minimal discrete torsion (i.e. 
s = N) are inconsistent. Again, this result agrees with the restrictions found in the 
closed string sector. 

Z2 X Z4: The tadpole conditions are: 



k 


k ■ V 


tadpole condition 


(0,1) 


i(o,i 


-1) 


Tr7(o,i),72 - Tr7(o,i),73 = 






(0,3) 


1(0,1 


-1) 


Tr7(o,3),72 - Tr7(o,3),73 = 






(1,0) 


i(l'- 


1,0) 


Tr7(i,o),7i - Tr7(i,o),72 = 






(1,1) 


i(2,- 


1,-1) 


4 Tr 7(i,i),3 + 2 Tr 7(i,i),7i - 


V2Tr7(i,i),72 - 


y2Tr7(i,i),73 = 


(1,2) 


i(l,0 


-1) 


Tr7(i,2),7i - Tr7(i,2),73 = 






(1,3) 


K2,l 


-3) 


-4 Tr 7(1,3)^3 + 2Tr7(i,3)j^ 


+ v^Tr 7(1,3) j2 


- v^Tr7(i,3),73 = 


(0,2) 


i(0,l 


-1) 


2Tr7(o,2),72 - 2Tr7(o,2),73 = 


= -165(0,1) (62/^2 





There are two cases: 

(i) If €2(^2 = £3/^3, then the Klein bottle contribution in the (0, 2) sector vanishes. This 
means that no D7-branes are needed to cancel the tadpoles. This agrees with anomaly 
cancellation in the 33 sector. Using P2 = /?(i,2),(o,i) = e, /^s = /^(i,o),(o,i) = e and eqs. 
( [4.13| ), ( [4.14| ), we find that €2^2 = £3/^3 implies fii^fis^ = ji^^ ■ Therefore this case is 



characterized by /ii^ = +1. 

(ii) If £2/52 = —63/33, then Z)7-branes are present. In the case with discrete torsion 
e = —1, a minimal choice to satisfy the tadpole conditions consists in a set of D72- 
branes. Then all the traces vanish, except for the (0, 2) sector, as can be seen from 
( [A. 191 ). With the minimal choice, one has 

Tr7(o,2),72 = 16(5(o,i)e3/53 = -16 5(o,l)/U3^ (4.17) 
where we used ( |4.13| ) and 13^ = /5(i,o),(o,i) = -1- The relation €2^2 = —^aPs implies 



/^lV3^ 



— yU3 and thus /ii = —1. From ( 4.13 ) we then find that this case is charac- 



terized by /i 



^In general there are N"^ / different irreducible representations. If, however, gcd(A^, m) = 1, then the 
minimal positive integer s, such that e'* = 1, is s = A^. 
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4.3 open string spectrum 



An element g of the orbifold group T and the world-sheet parity act on the Chan-Paton 
matrices A as 

g: X ^ lg\%\ Q: X ^ mX'^ln- (4-18) 

The open string spectrum, i.e. gauge fields X^^^ and matter fields A*^*-*, is obtained by taking 
the solutions to the projections: 

%'Xjg = r{g)X, 7n'A^7n = r{Q)X, (4.19) 

where r{g) (resp. r{Q)) is the matrix that represents the action of g (resp. f2) on A = 

(aw,a«,a(2),a(3)). 

The relation = e gives a restriction on the matrix 'Jq: 

InilnV = 0"^, (4.20) 

where the constant c can only take the values ±1, i.e. 7^ is either symmetric or antisymmetric. 
A further condition follows from QgQ = g, which, using (|4.18| ), translates to: 

= 5.7„ (4.21) 

where the phase Sg appears because the representation is only projective. More precisely, in 
the notation of appendix 0, 6g = cP^^g. This can be seen as follows. Because of the special 
action of Vt on A, eq. ( [4.18| ), the matrices representing VLg and gVt are given by 

1^9 = «i 7^(73"^)^, 79^ = (^^h Igln- (4.22) 



From Vtg = gVt and ( [4. 201) , we find 6g = caQ^gOg Q. It is easy to see that the phase 6g 
coincides with the one defined in ( |4.5| ). 

As we are interested in unitary projective representations, ( [4.21j ) can be transformed into 

= cSgjg, (4.23) 

where we used 7^ = 07^. The world-sheet parity Q relates one representation with its 
complex conjugate. This means that the matrices 7^ of the orientifold form a (pseudo-)real 
projective representation of the orbifold group. As the complex projective representations 
are classified by H^{V,^*) = H^(T,U{1)), the real projective representations are classified 
by H^{T,]R*) = H'^{T,Zi2)- As a consequence, the discrete torsion paramter e can only take 
the real values ±1. 

Let us make one further remark concerning the phases jS^^g. They do not satisfy ([A.5| ) but 
rather = {cig,hyPn,gPn,h- Moreover, one can always find an equivalent set of 7-matrices 
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with Pfi^g = 1 V(7 G r by defining 7^ = ^JPn^g'jg- If we clioose tlie factor system ag^h of 
the orbifold group F as in ( |A.6| ), then {ag^h)^ = 1 g,h and therefore the 7^ have the same 



factor system as the 7^: ctg^h = y l3n,gf3n,hf3Q^ghC(g,h = C(g,h- Thus, to fix the factor system of 
the orientifold completely, one has to add one relation to ( [A .61) : 



"sf ,92^ = "9i,g? = «s2,s| = 1' a = 1, . . . , iV, 6 = 1, . . . , M, 

6g = c V^gT. (4.24) 

In the following, we will mostly leave <yg,h, Sg arbitrary. But to perform calculations, we 
choose the factor system (|4.24|) . 

The reality condition ( |4.23| ) has an interesting consequence concerning the classification 
of En orientifolds. Note, that for a complex projective representation of En the relation 



7; =51, cgC*, (4.25) 



can always be brought to the form 



7" = I, (4.26) 



defining 7^ = ^^^Jg- For real projective representations, i.e. c G IR*, this is only possible 
if is odd or if c > 0. If is even, two inequivalent projective representations arise: 

7f = ±1. (4.27) 



These are the cases with and without vector structure 



If r = En ^ Em (with N^M both even), then four cases have to be distinguished: 
7m = ±2, iti = ±2. Only if 7^ = 7*^ = I and 73,7^2 = 752791, does the gauge bundle of 



the orientifold have vector structure in the sense of |T3|. Thus, orientifolds with discrete 
torsion can never have vector structure. However, the different boundary conditions for the 
gauge bundle of orientifolds with discrete torsion — let us denote them by (++), (H — ), ( — h) 

and ( ) — lead, in general, to non-equivalent models. In particular, the gauge group and 

the spectrum are not the same in all four cases. 

As explained in appendix 0, there are two types of real projective representations: ir- 
reducible real projective representations and combinations of pairs of conjugate irreducible 
complex representations. Note, that if 7 is a complex projective representation of the dis- 
crete group r, so is 7* = (t-""")"^. The orientifold projection tells us that one has to take 
these two representations together, whenever 7 7^ 7*. In terms of matrices this means: 

79 = I ._1°T^-l I V^GT, (4.28) 
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where c = ±1 and 5g is a phase. It can be verified that 7^, satisfies (|4.21|) if 7^ is of the form 

7(n) = 1^ ° J j ® I„, (4.29) 

where n is the dimension of 7. The fact that 'Jq can always be chosen to be of this form is 
a consequence of ( [4.201 ). 



Now, let us see the restrictions that arise from the multiplication of two group elements 
g,heT: 

From the relation 7^7/1 = ag^hlgh, eq. (|3.6| ), one finds 



s;%'a;',{^j,y 



Iglh = ag,h I ^ 1 -2/~TA-l I = ^9,hl9h. (4-31) 



which gives the relation between the discrete torsion /j and the orientifold phase 5g: 

^9^halh = cSgh. (4.32) 

This condition comes from the fact that two projective representation can be related if they 
belong to the same equivalence class of factor systems (see appendix or ^). The 



projective representation 7g has the factor system Og^h and (7j)~^ the inverse one, They 
are in the same equivalence class if there exist numbers pg, such that (pgPh/Pgh) ctg^h = C(g,hy 
which is just the above condition. 

Interchanging g and h in ( |4.32| ), one finds {5h5g/c5hg)<yh,g = cej^^g. The quotient of these 



two relations gives the following consistency condition: {cih,gCig^h!^ = 1- This tells us that 
the only values of discrete torsion compatible with the orientifold projection are 

(ig,h = ag,hahl = ±1. (4.33) 

This result coincides with the consistency condition that we found in the closed string sector 
of orientifolds with discrete torsion. 

According to the results of appendix the matrix 7^ (whith g = (7^(72) of a general 
real projective representation with discrete torsion e = — 1 and with 771/2 = 0, 1, such that 
(7^J^ = (-1)^11, (7^,)*^ = {-ly'^n, is of the form 

e {i^lN^'^lgX {^2^P^lg.r © (^2i^'''"'^7.J" (^2M-''-^^7.J'') ® (4.34) 
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where 




7.1 = I _° J , 7.. = I : : 1 , (4.35) 



as 



Efiven in (|ATi|) , and = 0, . . . , N/2 - 1, Z = 0, . . . , M/2 - 1. Here, we chose the factor 



system (PC^ ), which imphes (791) "(792) = Ig-g^- 



Let us now analyze some examples. Start with the Z2 x 1,2 case with (++) boundary 
condition, i.e. 7^^ = 7^2 = I- Discrete torsion is possible for this model, because H'^{E2 x 
^2,^2) = ^2- The case without discrete torsion has four irreducible representations, all of 
them are one dimensional and real. The case with discrete torsion —1 has a unique irreducible 
representation, that can be taken to be real. A general representation, with (++) boundary 
condition, is of the form 

7e = l2®ln, (4.36) 
791 = 0-3 ® 
732 = 0"! ® In, 
75192 = ^Cr2 (g) I„, 

where n is an arbitrary parameter. If the matrix 7^ is symmetric, then it can be taken to 
be of the form 

7n = II2 ® (4.37) 
If it is antisymmetric, we restrict ourselves to the case of even n and take 

70 = 22 ® 1^ J j ® lI„/2. (4.38) 

Using ( [4.22|) , with a^^g = ag^Q = 1, it is easy to check that all consistency conditions from 
the multiplication of group elements (like gf = 92 = e, fig = gfl, etc) are satisfied for this 
choice of matrices. As we mentioned above, this choice is unique up to equivalence. 

The spectrum can be determined by taking the matrices A^^^A*^*-* of the orbifold case 

A(°) = 12®X, A« = ai(g)Zi, (4.39) 
and restricting them, such that also the second condition in ( 4.19| ) is satisfied. If 7^ is 



symmetric, then X, Zi, Z3 are antisymmetric and Z2 is symmetric. This corresponds to 
gauge group SO{n) with two adjoint fields, a traceless symmetric tensor and a singlet. If 
7q is antisymmetric, we findQ USp{n) with two adjoint fields and an antisymmetric tensor. 

^In our notation, USp{2k) is the unitary symplcctic group of rank k. 
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The superpotential is the one of the orbifold with the above representations: 



W = Tt{ZiZ2Zs + Z2Z1Z3) (4.40) 
The solution to the case with ( ) boundary condition is essentially the Z2 x E2 model 



of without D5-branes. In our conventions the 7-matrices are given by 

7e = l2^^2n, (4.41) 

751 = {i<^i © (-^0-1)) (g) Il„, 

7g2 = (^0-3 © (-^0-3)) (g) In, 
79192 = ^C^2 ® l2n, 



where we exchanged 7^^ and 7^2 with respect to ( [4. 341 ) for later convenience. If 7^ is sym- 



metric, the spectrum consists of USp{2n) gauge fields and three matter fields in the anti- 
symmetric tensor representation. This is exactly the spectrum of the 99 sector of the model 
discussed in if n = 8. If 7^ is antisymmetric, we find S0{2n) with three symmetric 



tensors. 

A similar analysis can be done for the boundary conditions (H — ) and ( — h). One finds 
in both cases the same spectrum as in the (++) case. 

To determine the spectrum of the Z2 x Z4 orientifold, it is more convenient to use the 
shift formalism, as explained in appendix 0. We take 7q symmetric and boundary conditions 
( — h). Let Qi resp. g2 be the generators of Z2 resp. Z4. We choose a basis where 7^2 is 
diagonal. According to appendix 0, g2 is represented by the shift 

Vg^ = i(0"°,2"«,l"S3"^) 

and gi is represented by the permutation, acting on the roots p of the S0{2{no + ni)) lattice, 

where pj""^ = (p(i_i)„o+i, . . . ,Pi„o) and pj"'^ = (p2no+(i-i)ni+i, • • • ,P2no+mi)- As explained in 
appendix P no shift associated to gi is needed, whereas in the (++) case we would need 
an additional shift Vg-^ = |(1"°). (Note that gi and g2 are exchanged with respect to the 
notation in appendix [C]). The gauge group is determined by finding all linear combinations 
of roots p that satisfy p ■ Vg^ = and II^^ (p) = p. They are of the form 
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q2„i^ + (0"«,+ 



_^Qno-2^Qno 



( +,-,0"°~^ 0"o 

^g2no 



+) + (o'"°, o"^-\+ , +,o"^-^ ) 

-) + (0'"°,0"^~\-,-,0"^~^) 



Underlining means that one has to take all correlated permutations of the two terms in each 
line, such that they are invariant under Ilg^. The first three lines give no(2rio — 1) — no roots, 
which, together with uq Cartan generators, form the gauge group S0{2nQ). The last three 
lines give ni(2ni + 1) — rii roots, which, together with ni Cartan generators, form the gauge 
group USp{2ni). The matter fields from the first complex plane are obtained from the roots 
that satisfy p ■ Vg^ = and Ug^ (p) = —p. These are just the antisymmetric combinations of 
the roots above that formed the gauge group. Thus, we find an adjoint field of 5*0(2^0) and 
an antisymmetric tensor of USp{2ni). For the second complex plane, one has the condition 
p ■ Vg^ = 1/4 and ngi(p) = —p. The corresponding roots are 



(0"«,-,0^ 



-,o"«-\o"°,+,o''^-\o"i; 







ni— 1^ 



:+,o"«-\o"«,o"\-,o"^"^ 



(0"°,+,0"»'\-,0"^-\0"^). 



They form a matter field transforming in the bifundamental (□, □) representation of the 
gauge group. The matter fields from the third complex plane correspond to roots that satisfy 
p-Vg^ = —1/4 and Ilg^{p) = p. Again, one finds Ariorii roots, giving a second bifundamental. 

A similar analysis can be performed for the other boundary conditions, (H — ), (++), 

( ). The result is shown in tables |^-^. One finds that the (H — ) model and the ( ) 

model have non-Abelian gauge anomalies in the 33 sector. In the language of the previous 
subsection, these two boundary conditions correspond to pi^ = —1. There, we saw that 
precisely these models need D7-branes to cancel the tadpoles. A minimal choice consists in 

a set of D72 branes satisfying Tr 7(0,2), 72 = — 16 p3'^5(o,i). Let us consider the ( ) model 

with symmetric. According to ( [4.24| ), this gives 6g = 1. From (|4.13| ), we have pi^^ = — pi^ 
and ps''^ = — ps^. Thus the theory on the D72-branes has (++) boundary condition. As 
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explained in |^6|, 7^^^ has to be antisymmetric In table ^the general solution for the 
gauge theory on a set of D-branes at a Z2 x Z4 singularity is shown for the case of symmetric 
7n. Knowing that changing 7^ from symmetric to antisymmetric exchanges SO-factors with 
f/Sp-factors, we find that the gauge theory on the -D72-branes is USp{2mo) x USp{2mi). 
In order to cancel the tadpoles, we need 2(2mo — 2mi) = 16. The 372 sector gives matter 
fields transforming in the representations (□; □, 3) and (□; 3, □) under the total gauge group 
f/(no + ni) X USp{2mo) x U Sp{2mi) . The total anomaly is thus given by 2mo — 2mi — 8. 
We see that the condition of anomaly freedom is equivalent to the condition of vanishing 
tadpoles. 

In the same way the Z2 x Ze and the Z2 x Zg orientifold can be constructed. The result is 
shown in tables Again, some of these models have non-Abelian gauge anomalies in the 
33 sector. It can be seen that the same models require D7-branes for tadpole cancellation. 



r 


gauge group 


matter (33 sector) 


L2 X Z2 


S0{2n) 


2 ad] + □□ 


L2 X Z4 


S0(2no) X S0{2ni) 


2(n,n) + (]l,m) + (B, I) 


^2 xZe 


S0{2nQ) X U{ni+n2) 


(□,□) + (□,□) 

+ (I,B) + (]I,m) + {adj, t) + (3,at/j) 


Z2 xZ[i 


S0{2nQ) X f/(ni +722) 


3 (□,□) + 2(3,0) + (I, m) 



Table 3: Open string spectrum for some non-compact orientifolds with discrete torsion 
e = — 1 and boundary condition (++), i.e. 7^ = 3, 7^^ 



- 3. 



r 


gauge group 


matter (33 sector) 


Z2 X Z2 


S0{2n) 


2 adj + m 


Z2 X Z4 


U{nQ + ni) 


arfj +g + 2g+m 


Z2 X Ze 


S0{2ni) X [/(rio + ns) 


(□,□) + (□,□) 
+ (3,g) + (3,g) + (m, t) + {\adj) 


Z2 X L'^ 


S0{2ni) X [/(no + ns) 


3(n,n) + 2(3,g) + (3,m) 



Table 4: Open string spectrum for some non-compact orientifolds with discrete torsion 
e = — 1 and boundary condition (H — ), i.e. 7^ = 3, 7^ = —3. 



^°If, instead of the standard 17-projection discussed by Gimon and Polchinski ||3§], we use the alternative 
projection proposed by Dabholkar and Park in = 6 [Q, 70,72 and 7^,3 have the same symmetry. 
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r 

J. 






Z2 X Z2 


S0{2n) 


2 arfj + CD 


/jo X W,A 




(ndi 1\) -\- (1\ Pi) -\- 2 (n ri) 




SO(2nn) X J/frii + rio) 


+(adj, I) + (I, adj) 


Z2 X 


S0{2no) X t/(ni + n2) 


3 (□,□) + 2, (1,0) + (I, m) 



Table 5: Open string spectrum for some non-compact orientifolds with discrete torsion 
€— —1 and boundary condition ( — h), i.e. 7^ = —I, 7^ = I. 



r 


gauge group 


matter (33 sector) 


Z2 X Z2 


r/5i;(2,0 
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Z2 X Z4 


C/(no + ni) 


adj + 2^ + Q + m 


^2X^6 


USp{2ni) xU{no + 


(□,□) + (□,□) 

+(i,B) + (i,B) + (B>i) + (i>«^j) 


^2 xz; 


USp{2ni) X C/(no + 712) 


3 (□,□) + 3 (I, B) 



Table 6: Open string spectrum for some non-compact orientifolds with discrete torsion 
e — —1 and boundary condition ( ), i.e. 7^^^ = —I, 7^ = —I. 



In general, one finds the following gauge groups for Z2 x Zjv orientifolds with discrete 
torsion (if 7^ is symmetric): 

• boundary condition (++): 



N = Ak + 2: G = S0{2no) x nti Uim + nM/2-i), 

N = 4k: G = S0{2no) x S0{2nk) x Il-Ji Uim + nN/2-i). 

• boundary condition (-1 — ): 

N = Ak + 2: G = S0{2nu) x n-=o U{n, + n^/2_i_.), 
N = Ak: G = nto' U{n, + nN/2-l-^). 

• boundary condition ( — h): 

TV = 4A; + 2 : G = S0{2no) x HLi U^m + n^/2-i), 

N^Ak: G = >SO(2no) x USp{2nk) x H-Ji' + n^/2-i). 



(4.42) 



(4.43) 



(4.44) 
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boundary condition ( ): 

N = Ak + 2: G = USp{2nu) x nfjo Uim + n,v/2-i~i), .4 
N = Ak: G = U-=o U{n, + n;v/2-i-^). 



4.4 Resolution of the singularities 

Some of the deformations that are available in the orbifold case are absent in the orientifold 
case. 

Take the easiest example: Z2 x Z2. In the orbifold case one can find three possible 
deformations f^: 

3 

APF = ECTrZ,. (4.46) 

i=l 

For the Z2 x Z2 with (++) boundary condition, only one of the deformations survives 
the orientifold projection. Because of the symmetry of the Zi, Z3 (they are antisymmetric) 
and Z2 (symmetric) matrices, one has: 

CiTrZi = 0, C3TrZ3 = 0. (4.47) 



This indicates that the orientifold can only be deformed to the Z2 singularity. The 
additional deformation leading to the conifold is frozen in the orientifold case. Something 



similar happened in the Z2 x Z2 orientifold without discrete torsion pO 



5 Conclusions 



We have seen that only real values of the discrete torsion parameter e are allowed for ori- 
entifold models, in contrast to the orbifold case, where e can take complex values. This 
condition can be understood from several viewpoints. In the open string sector this is re- 
lated to the fact that the 7-matrices form real projective representations. These are classified 
by iJ^(r,lR*) = if^(r,Z2), in a similar manner as complex projective representations are 
characterized by if^(r, C*) = if^(r, f/(l)). As a consequence, only e = ±1 is allowed for 
orientifolds. In the closed string spectrum, the condition of real e is related to the matching 
between left and right moving degrees of freedom. In general, this matching is impossible 
if the Hodge numbers h^'^ and h?'^ from one twisted sector are different. One finds that 
^1,2 _ ^2,1 -g Qj-^jy guaranteed in each twisted sector if e = ±1. Finally, one finds an inconsis- 
tency in the tadpole cancellation conditions for non-real e. The characters of the projective 
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representation 7 must have a precise value to cancel the Klein bottle contribution. This 
conditions cannot be satisfied if arbitrary values of the discrete torsion are allowed. 

For the I^n x '^m orientifold non-trivial discrete torsion is only possible if and M are 
both even. In this case, there are four non-equivalent orientifold models. This classification 
is based on the possibility of imposing different boundary conditions ('vector structures') on 
the 7-matrices. The tadpole conditions are different for each case. Some of them require 
D7-branes for consistency. This condition is equivalent to the requirement that non-Abelian 
gauge anomalies be absent. 

We have also analyzed the resolution of the L2 x Z2 singularity in both cases, orbifold 
and orientifold. In the orbifold case, one can get a Z2 singularity and a conifold by the 
deformations of the F-flatness conditions. In the orientifold only the Z2 singularity can be 
obtained. 

This discussion can be generalized to compact orientifolds with discrete torsion [0. The 
S-dual heterotic models are related to higher level Kac-Moody algebras. In particular, as the 
only non-trivial discrete torsion is e = — 1, we will find heterotic duals realized at Kac-Moody 



level 2 m, M,m. 
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Appendix 



A Projective representations 

The matrices that represent the action of the orbifold group on the Chan-Paton indices of 
open strings form projective representations. In this appendix, we review some useful facts 
about the latter (for an introduction to this subject see ll^, ^). Let F be a finite group. 
A projective representation is a mapping F GL{n, K), which associates to each element 
(yf G F a matrix 7^ G GL{n, K) that satisfies the conditional 

7e = I, 7g7/i = ag^hlgh Vfif, heV, (A.l) 

where e is the neutral element of F and ag^h ^ K* are arbitrary non-zero numbers. These 
numbers are called the factor system of the projective representation 7. Using associativity, 
one immediately obtains 

ag,e = ae,g = 1, ag^hkOih,k = ag,hagh,k ^9, h,k eV. (A. 2) 

A map a : F x F — > K*, {g,h) i— > ag,h, with the above properties is called a cocycle. 
The set of all cocycles is denoted by Z^(F,1K*). A projective representation 7 is considered 
equivalent to 7 if it is obtained by substituting 7^ = Pg'jg, with pg G K*. The cocycles are 
then related by 

ag,h = Oig^hPgPhPgh- (A. 3) 

This motivates the following definition. Given a map p : F — * K*, g ^ Pg, with pe = 1, 
one defines the associated coboundary hy 5p : F x F K*, {g,h) PgPhPgh- The set 
of all coboundaries, -B^(F, K*), is a subset of 2'^(F, K*). Two cocycles are equivalent if they 
differ only by a coboundary. We see that the non-equivalent projective representations are 
characterized by the elements of H^{T, K*) = Z^{T, 1K.*)/B^{T, K*). 

If F is Abelian, one finds from ( [A.l[ ) that 

Iglh = Pg,h7hlg, wherc Pg^h = otg^hahl- (A.4) 
The [3g^h only depend on the equivalence class of the cxg^h- Furthermore they satisfy 

l^g,g = 1' P9,h = Ph^g, Pg,hk = Pg,h(3g,k V^f, h,k eV. (A.5) 
^^Equivalently a projective representations can be defined as a homomorphism F — > PGL{n,TK). 
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It is clear that to each element [a] of H'^{T, K*) there corresponds a unique cocycle0 f3, as 
given in (|A.4| ). On the other hand to each P there corresponds a unique (up to equivalence) 



factor system ag^h = y Pg,h- ^ consequence, the projective representations of an Abelian 
finite group F can be characterized either by ( |A.1| ), ( |A.2D or by the first eq. of ([A.4|) and 



the three eqs. of (|A.5|) . Both descriptions are equivalent up to a transformation (|A.3|) . 
Sometimes it is useful to fix as many of the ag^h as possible without putting any restriction 
on the equivalence class [a]. A convenient choice is: 

= "91.9? = "52,9^ = 1' a = l,...,N, 6 = 1, . . . , M. (A.6) 
This corresponds to choosing a set of matrices that satisfies 

(7.J"(7.J' = 7,j,- (A.7) 

For physical reasons we restrict ourselves to unitary projective representations over the 
complex or real numbers, i.e. 7^7^! = I and IK = C or IK = IR. One can prove that|^ 

H\T,€*) = H'^{T,U{1)), H^T,^*) = H^{T,E2). (A.8) 

In this article we will be mainly interested in the case where F = x Em. Let gi and 
g2 be the generators of Z^v and Em respectively and denote the element (7"5'2 ^ T by (a, 6). 
The form of the (3 cocycles is completely fixed by the conditions ( [A.5[ ). If IK = C, there are 
p = gcd{N, M) non-equivalent cocycles, given by 

I3iama',b') = ujf^''-''''\ With = e^-/^ m = 1, . . . ,p. (A.9) 

The different projective representations are therefore determined by the parameter e = uo"^. 
Choosing the factor system (|A.6| ), one finds a simple relation for the product of two 7- 



matrices: 

l{a,b)l(c,d) = e~'"''y(^a+c,b+d)- (A. 10) 

The possibility of having e 7^ 1 is the open string analogue of the discrete torsion in 
closed string orbifolds discussed in [l|, ||, |^. The open string models with discrete torsion are 
distinguished by the integer s = p/ gcd(m,p) (this is the smallest non-zero number such that 
e"* = 1). According to [Q, any irreducible projective representation TZ^^} is s-dimensional and 
^^Note that /9 is a cocycle because it satisfies (|A.2|), but it is not a factor system because its definition 



differs from (A.l). 

^•^For the cocycles related to unitary projective representations this is obvious. In general, this is a 
consequence of proposition 2.3.10 and lemma 2.3.19 of ||l9|. 
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(up to projective equivalence) of the form 



/ 1 
1 



791 



diaK^l,e"^e-^...,e-(^-l)^ 



732 





1 



1 




(A.ll) 



All the the irreducible projective representations TZ^^^ki that are /meaWy non-equivalent (i.e. 
they belong to different factor systems but, of course, are projectively equivalent) can be 
obtained by multiplying the matrices in ([A.ll|) by phases: 



7si = Wjv7gi, 



k = 0,. 



N 
s 



752=^Af79i, / = 0,...,— -1. 



A general projective representation TZ'^'^^ is a direct sum of irreducible blocks TZ, 



(A.12) 



(A.13) 



k,l 



This representation has dimension sYl,ki^ki- The regular represention, of dimension |r| = 
NM, is obtained by setting riki = k,l. Let 7^'*^ denote the matrix associated to the group 
element g in the general projective representation TZ^^\ The character of g in TZ^^^ is defined 
to be the trace of this matrix. Denoting again g = g^g2 by (a, b) we find 



X 



(7^('')) 



(^?)=Tr7j^) 



if (a, b) ^sEx sE 

s Ek,i rik^iuj'^ujf^ if (a, b) E sE x sE 



(A.14) 



The solutions for IK = IR can be obtained by restricting j3 to be real. The non-equi- 
valent cocycles correspond to setting m = p/2 [if p is even) or m = p in ( |A.9| ). We see 
that discrete torsion is only possible if p is even. The only non-trivial cocycle in this case 
is l3{a,b),{a',b') = (— 1)°^*'"''"' . The irreducible projective representations are again of the form 
( |A.11| ), with e = — 1 and s = 2. However, there are four different complex projective 
representations which are not equivalent over the real numbers and which have a real factor 
system[^: 



(i) 731, 732, 

(ii) UJ2Nlg^, 732, 

(iii) 7gi, u;2Af732, 



(A. 15) 



IV 



t^2Af73i, ^2Mlg2, 



^We used that M and N are even, which is true because gcd(Af , N) is even. 
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where 'Jg-^,^ given in ( |A.11|) . In general, an irreducible complex projective representation 



is of the form 73^^^ = Pi/27gi/2! with pi/2 G C*. The condition that the factor system be real 
implies (%J^ = Ci I, (%J*^ = C2 I, with Ci/2 G IR*. Therefore, pf = ±1 and pf = ±1. 
These are the four possibilities of ( |A.15|) . Defining r] = {rji,rj2), with rji G {0, 1} by 



(7,J^ = (-1)''^I, (7,J^ = (-ir]I, (A.16) 
we can give the form of the linearly non-equivalent real projective representations: 



-7? real _ J ^Sfc,/,r, if = / = r^i = 7^2 = 

'^irr, k,l,ri ^ K '^irr ,k ,1 ,r) J ^'■^^ 



where TZ^^rki is obtained from ([A.llD by multiplying 7^^ with phases tu^cUgTv and 7^2 with 
phases u!m<-^2M ( |A.12| ) and ( [A.15| ). These projective representations are either two- 



dimensional (first line of (|A.17|) ) or four-dimensional (second line of (|A.17|) ). Again, a general 
projective representation 71^,^^^ is a direct sum of irreducible blocks 'R-l°r}!,i,r]- 

K^' = 0^hK5m- (A- 18) 

k,l 

This representation has dimension 2rrao,o + '^J2{k,i)yt{o,o)^ki, where r = 2^'^^~'^'^^'^^^'^^ . The 
regular representation is obtained by setting no,o = 2/r and riki = I'i {k, I) 7^ (0, 0). For the 
character of an element g = (7"5'2 fi^'i 

^ Tr7r' (A. 19) 

if a or 6 is odd 

2 r riQfi + 4 E{A;,/)7^{o,o) nfe,;Re(a;^"^'''^^^"u;^/'"''^''*) if a and b are even 
with 7' = 1 if ?7i = 772 = and r — 2 else 

B Tadpoles for x Zm orientifolds 

We sketch the calculation of the tadpoles for non-compact En x Em orientifolds. Basically, 



we follow the work of 32, pQ, 



The set-up consists of several D3-branes at the orbifold singularity plus some D7i-branes, 
where the i denotes the complex plane with Dirichlet conditions. We take the orientifold 
involution Q' = Q{—l)^^RiR2R3 (other types can be considered, as in pO|). 



The procedure we will follow is based on the computation of the tadpoles for /{En x 
Em) and then taking the non-compact limit. In order to take this limit, one must ignore 
the untwisted tadpoles and the contributions with an inversely proportional dependence on 
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the volume. The dependence proportional to the volume is related to some factors from the 
momentum modes which become continuous in the non-compact limit. 



To simplify the notation, let us define pO] Si = sin(7rA; ■ vi), Ci = cos(7rA; ■ Vi) and Si 



sin(27rfc ■ Vi). We will not give explicitly the volume dependence, but this dependence can be 
extracted from the zeros and divergences of each contribution. 

The cylinder amplitude can be split into four sectors: 33, 7j7j, 7j7j and 7^3. All the 
contributions can be neatly recast: 

C= E o [8siS2S3Tr7s,3 + ELi2siTr7s J . (B.l) 

Note that in the orbifold case, this is the only contribution, that has to be considered. 

Because of the J operation that relates the k with the —k twisted sector, the contributions 
to the Klein bottle come from the untwisted and order-two twisted sectors. Three cases must 
be distinguished: 

a) and M are both odd: There are no order-two twisted sectors. 

b) is odd and M is even: There is only one order-two sector: ki = (0,M/2). It fixes 
the first complex plane. Note that in this case no discrete torsion is allowed. The Klein 
bottle contribution is of the form: 

/C = ^(/Co(^) + /Ci(^)), (B.2) 

k 

where /Co is the contribution from the untwisted sector and /Ci is the contribution from 
the order-two twisted sector that fixes the first complex plane. 

c) A^ and M are both even: There are three order-two sectors: k^ = {N/2,0), ki = 
(0,M/2) and k2 = {N/2, M/2). The Klein bottle contribution can be written as 

/C = ^ (/Co(fc) + /Ci(fc) + IC2{k) + ICs{k)) , (B.3) 

k 

where /Cj is the contribution from the order-two twist that fixes the i-th complex plane. 
The untwisted sector contribution is of the form 

.2si2s22s3 
' AclAclAcl 

and the order-two twisted contributions are 

25, 

where is a sign that weights the contribution of the sector that fixes the i-th complex 
plane and A = pj, z. 
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This Klein bottle contributions can be rewritten for each of the three cases: 



a) odd, M odd: 



b) N odd, M even: 



(N,M) ^ 



^= E ^^^[32siS2S3]'. (B.6) 



{N,M/2) ^ 

1C= ^^^[32(siS2S3-eiSiC2C3)]^ (B.7) 

fc=(l,l) ^^1^253 



c) even, M even: 



(Af/2,A//2) , 

JC= ^^^[32(siS2S3- E e^Asi9c,)]2. (B.8) 

fc=(l,l) «^1^2S3 

Finally, one must consider the Mobius strip contribution. For each of the four types of 
branes there is a contribution: 

-1 



-^r.(fc) = 8^Tr(7,t,^7iO- (^.10) 

j k 

Using the properties ([4.21|) , (|4.22| ), (|A.10|) of projective representations, we find 

InHk = ^dllV = e-''^''hil2kV, (B.ll) 



where k = {ki, k2) and we chose a factor system such that (7(i,o))'^K7(o,i))'^^ = Ik- 

Reordering the contributions, as we have done for the Klein bottle, one can obtain: 

a) odd, M odd: 
From D3-branes: 

{N,M) ^_ 

M3 = -2 ^^4^V[32siS2S3][85i5253Tr72fc,3]. (B.12) 

fc=(l,l) «Sl*2S3 



From Z}7,-branes: 



{N,M) ^_ 

-My, = 2 Y ^^¥v[32siS2S3][2s.Tr 72^,7,]- (B.13) 



fc=(i,i) 



8S1S2S3 
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odd, M even: 
From D3-branes: 

(JV,A//2) ^_ 

Ms = -2 J2 ^^^[32(siS2S3-eiSiC2C3)][8SiS253Tr72fc,3]. (B.14) 

fc=(l,l) «SlS2S3 

From D7j-branes: 

(Af,M/2) j_ 

A<7. = 2 5] ^^¥^[32(si52S3-ei5iC2C3)][2S,Tr72s,7j. (B.15) 

fc=(l,l) ^^1^253 

This factorization is necessary to match the cyhnder and the Klein bottle contributions. 
But to obtain it, we had to impose some restrictions on the 'vector structures' /ij 
(introduced in ( |4.3|) ) and the signs if. 

f^i' = 1^1 ' = -l^i' = -l^i' = h. (B.16) 

Here we took 5^ = 1 V/c if 7q is symmetric and 5^ = — 1 V /c if 7q is antisymmetric, as 
in (PI). 

even, M even: 
From D3-branes: 

(7V/2,A//2) ^-kik2g. 

Ms = -2 J2 o~ ~ -'" [32(^1^2^3- E eAsiCjCk)][8hS2hT^72k,3]- (B.17) 



fe={i,i) 



From D7,-branes: 



{N/2,M/2) ^-fcifc2^_ 

=2 J2 ^~ ~ -'"' [32(^1^2^3- E e^As,9Cfc)][2s,Tr72^,7j. (B.18) 

fc=(l,l) ^*1^2S3 

Again, this factorization is necessary to match the cylinder and the Klein bottle contri- 
butions, but it is only possible if we impose some restrictions on the 'vector structures' 
Hi and the signs if. 

1^3^ = -^3'' = -f^s'' = l^s'' = £3, (B.19) 

^1^2^3 — e 
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One further condition is needed, to be able to write the total tadpole contribution 
C + M. + K. as a square[5 

h,3 = -h,7i = -4,72 = -^~k,73 = (B.20) 

If the above conditions are satisfied, the tadpole conditions can be written in the form 
that appears in the main text, eqs. (|4.71 )- (|4.12|) . 



C Shift formalism and discrete torsion 

Let us sketch a general procedure for obtaining the open string spectrum of an arbitrary 
type IIB orbifold or orientifold with discrete torsion. The method is based on the relation 
between the shift formalism and the one using matrices. 

The open string spectrum of a general type IIB orbifold with or without discrete torsion 
is determined by the matrices A that satisfy 

l,\%'=T{g)\ (C.l) 

where 7^ represents the action of the orbifold group F on the Chan-Paton indices of the 
open string and r{g) the action of F on the oscillator state of the open string. For the 
gauge degrees of freedom, A^^-*, one has r{g) = 1, whereas r{g) = e^™^ for the matter 
degrees of freedom associated to the i-th complex plane, A^*\ if g acts as Zi — > e^™*2;j on 
the i-th complex coordinate. A straightforward but cumbersome method to get the the 
spectrum, consists in constructing explicitely the matrices A*^''-', A'-*-' that solve ( |C.1| ). The 
A*^°^ transform in the adjoint representation of the gauge group G. Knowing G, one finds the 
matter representations by looking at the transformation properties of the A*^*-*. 

In it has been shown that this is equivalent to a shift formalism which is very similar 
to the one that is known from heterotic orbifolds. If all the matrices 7^ commute, one can 
diagonalize them simultaneously by choosing the Cartan-Weyl basis: 

= (C.2) 

where H = {Hi, H2, . . . , -f^rank(G)) ^ vector containing the Cartan generators of the gauge 
group G (before the orbifold projection) and Vg = (Vi, V2, . . . , Kank(G)) ^^^^^ vector 

that represents the action of (7 G F on the root lattice of G. One can show |^ that in the 
Cartan-Weyl basis the identity 

7gE,%' = e-2-^"^«E„ a = 1, . . . , dim(G) - rank(G), (C.3) 



^'''This condition is necessary if one uses the standard 17-projection of [Q. Using, however, the ahernative 



projection of |37 , this condition can be relaxed. 
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holds for all charged generators Ea of G, if is the root vector associated to i.e. 
[Hi, Ea] = p'jEa- The condition ( |C.1| ) now reads 



mod E for gauge fields, (C.4) 
Vi mod Z for matter fields from the i-th complex plane. (C.5) 



In this representation, it is very easy to find the gauge group G C G that is preserved after 
the orbifold projection and the representations of the matter fields. 

If r = Zat X Zm and the projective representation 7 has discrete torsion, then '^g^'^g^ 7^ 
7c/2 73i5 where gi,g2 are the generators of Zn^Em- The above method must be modified 
because 7^^ and 7^,2 cannot be simultaneously diagonalized. Following the idea of ||38|, 
we diagonalize 7^^ and represent (72 by a permutation acting on the entries of the root vectors. 

For a Zat X Za/ orbifold with discrete torsion e, the matrices 7^^, 732 are of the following 
form (see appendix 
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(^^7, 

k 



I 



rik 1 



7g2 



192 



I, 



(C.6) 



with 



-1 ^-2 



7^^^ = diag(l,6-\6 



-(s-l)^ 



irrep 
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/ 1 

1 



1 ... 



1 




Up = e 



2ni/p 



k = 0, 



N 



-1, / = 0, 



M 



- 1, 



s s 
s is the minimal positive integer, such that e'^ = 1. 



In the Cartan-Weyl basis, 7^^ corresponds to the shift 
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1 

N 



1^0 



(-) ,...,((-!)-) 



1 



2H 

s 



"jV/s-1 



— + 1 



. . . , (iV - 1)"^/- 



(3 -!)- + ! 



(C.7) 



The matrix 7^2 acts as a permutation Ug^ on the root vectors p. We assume N > M and 
consider first the case s = M, i.e. 7^2 = Yg^^ ® In, where n = J2k^k- 



n 



32 



(p^^ • • .rp'rKpr, • • • ,pr^ • • .rpT-", • • . (c^ 

, (7^{no) ~{no) ~{no) ~{ni) ~{ni) ~(ni) -("jv/s-i) ~(n]V/s-i)N 

^ IPs 5/^1 ^■■■^Ps-l^Ps ^Pl 5 • • • 5 5 • • • 5 )---)/^S-l J) 

Where = (p.K+...+n._,)+(.-iW+i, 



I Ps(no+...+?ife_i)+jnfc)- 
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The gauge group G of the orbifold model is determined by finding all the root vectors of 
U{sn) (or linear combinations of these) that satisfy 

-¥^,=0 mod n,, (p") = p". (C.9) 

If we choose twist vectors v = —1, 0) resp. w = j^{0, 1, —1) for the action of gi resp. g2 
on C^, then the matter representations are obtained from the root vectors p"" of U{sn) (or 
linear combinations of these) that satisfy 

p"" ■ Vgi = jf mod Z, Ug^i^p"') = p" (I''* complex plane) or 

p" ■ Vg, = mod Z, Ilg^ip") = e^'^^/^V" (S"'^ complex plane) or (C.IO) 

p" ■Vg,=0 mod Z, ng2(p'^) = e-2^^/^^p'' (S"^*^ complex plane). 

Consider, for example, F = Zat x Zat with discrete torsion e = a; at, i.e. s = N (these 
models were discussed in IHl). In this case, one has 



Vg, = ^(o"°,r°,...,(iv-i)-°), (c.ii) 



n,, : ip^r\ . . . , — • • • , pK)- 

The roots of (/{Nuq) are of the form p°- = (+, — , 0^"°~^), where underlining means that 
all permutations have to be considered. It is easy to see that there are no(?T.o ~ 1) hnear 
combinations of roots Pa that satisfy ( P.9|) : 

(+^-jr^, o(^-^)"« ) + (o'^o , +,-,o"•°-^ o(^-2)"« ) + ... + (o(^-^)"o , +,-,0"°-^ ) . 

Together with the no Cartan generators they form the gauge group G = U{no). Similarly, 
one finds Stiq — uq linear combinations of roots pa (and uq Cartan generators) that satisfy 



plane : ( -, 0"°-\ +, 0"°-\ 0^^"^)"°) + (0"°, -, 0"°-\ +, 0"°-\ o(^-3)"°) 

+ . . . + ( + ,0"»-\ 0(^~2)no ^ _^ono-l ) ^ 

2°^ plane : ( +, 0""-\ -, 0"°-\ 0^^-^)"°) + a"^ (0"°, +, 0"°-\ -, 0"°-\ O^^"^^"") 
+ . . . + a-(^-i) ( -,0"°"\ o(^-2W^ +^o"o-i ), 

3"^ plane : (+^-^0^, O^^"^)"") + a (0"«, O^^-^^'^") 
+ . . . + a^-i (o(^-i)»o, +,-,o»o-2 ), 

where a = ^'^''■1^ , These are three matter fields in the adjoint representation of U^uq) 
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As a second example, consider F = Zat x Z2 with discrete torsion e = — 1, i.e. s = 2. In 
this case, one has 



no 



A^ 

1 

2 



"iV/2-l 



, {N - l)"'V/2-l 



n ■ -("■jv/2-i) ~(n]v/2-i)\ 

, /'^("o) ~{"iv/2-i) ~(™iv/2-i)N 

^ 1/^2 7 Pi 7P2 7 Pi 7---7P2 7 Pi )■ 



(C.12) 



There are no{no — 1) + ni{ni — 1) + . . . + n7v/2-i('^Ar/2-i — 1) hnear combinations of roots 
of U{2n) that satisfy ( |C.9| ). Together with the n = J2k^k Cartan generators, they form the 
gauge group G = Uirio) x U{ni) x ■ ■ ■ x U{njqj2-i). Similarly, one finds the following matter 
representations from the 3 complex planes: 

1*^* plane : (□, □, I, . . . , I) + (!,□,□, I, . . . , I) + ■ ■ ■ + (I, . . . , !,□,□) + (□,!,..., !,□) 
2^<^ plane : (□, □, I, . . . , I) + (!,□,□, I, . . . , I) + ■ • • + (I, . . . , !,□,□) + (□,!,..., !,□) 
3'''^ plane : (adj, I, . . . , I) + (I, atij, I, . . . , I) + . . . + (I, . . . , I, adj) 



It is instructive to see in a simple special case that the permutation 11^2 in the shift 
formalism indeed corresponds to the action of in the formalism using matrices. Let us 
take r = Z4 X Ia2- According to (|C.6|) the matrices 7^,^, 7^2 are given by 
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J 



Tg2 
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V 













/ 



(C.13) 



As 7c,^ is diagonal, according to (|C.2|) , it corresponds to a shift Vg-^ = 1(0"", 2"-", 1"% 3"'i). 
The action of jg^Eajg^ on the matrix Ea is such that it permutes the associated roots 



a-s {pj^°\ P2^°\ Pi^^\ {p2'°\ Pi^°' , P2^^' , Pi^^'). This coincides with the prescription 
given above. More precisely, '-^g^Ea'^g^ = aE'^, where E'^ is the matrix corresponding to the 
permuted root vector. The phase = 0, 1, 2, 3, is related to an ambiguity in 

choosing a specific basis for the matrices Ea. It does not affect the orbifold spectrum and 
can therefore be ignored. However, in the orientifold case, it will be important to take this 
phase into account. 

For a general x orbifold with discrete torsion e, such that s < M, one has to take 



■~(no) -(".o) ~("i) 



M/s copies of the shift vector (|C.7|) , with entries labelled by 



('^o.o, ''^1,0, • • • , nN/s-i,o\no,i, ni^i, • • • , nN/s-i,i\ ■ ■ ■ \no,M/s-i7 "^i.az/s-i, • • • , nN/s-i,M/s-i)- 
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The permutation Ug^ acts on each copy identically, as in ( |C.8| ). To represent the action of 



the phases tuj^^ that appear in ( |C.6| ) for s < M, one has to associate a shift vector also to 
the element g2'- 

K,, = - 0"°,rS..., — -1 , with n, = Y.nk,i. (C.14) 



M V V s 

To determine the gauge group, one has to find all roots of U{sJ2k,i^k,i) that satisfy 

p" ■ Vg, = mod E, p" ■ Vg^ = mod E, Ug^ip") = p"". (C.15) 

The roots corresponding to the matter representations have to satisfy, for each complex 
plane, one of the following s conditions: 

■ Vg, = Vi mod E, p'^ .Vg,=Wi-'^ mod E, Ug, (p") = e^'^^^/V", 

i = l,2,3, r = 0,...,s-l, (C.16) 
11 11 

Vl = — , Vo = — — , V-t = 0, Wi = 0, Wo = — , = — — . 

As an example, let us compute the spectrum of the Zg x Eq orbifold with discrete torsion 
e = e^'^*/^, i.e. s = 3. The shift vectors and permutation are given by 



Y = i ^Q"o,o 2"o.o 4"o,o ]^'^i,o 2*^1,0 g»^i,o|g"o,i 2"'0.i 4"o,i 3"i,i 5*^1.1^ 

i(0™,l«>), (C.17) 



n/ ~no,o ~no,o -"0,0 -ni.i ~ni,i ~ni i n / ~no,o -"0.0 ~"0,0 -ni.i 

S2 : (Pl , P2 , Ps ^ • • • . Pi ^ P2 , Ps ) ^ (Ps ^ Pi ^ P2 , • • • , Ps ^ Pr . P2 )• 

There are no,o('^o,o ~ 1) linear combinations of roots, 

( +,-,0"°'°~^ 0,...,0) + (0"°-°, +, -,0"°'°-^ 0,...,0) + (0^"°'°, +,-,0"°-°-^ 0,...,0), 

that satisfy ( p.l5|) , and similarly for rii o, ^0,1, Together with the Cartan generators, 
they form the gauge group ?7(no,o) x U (ni,o) x ?7(^o,i) x f/ (?^i,i). Concerning the matter fields 
from the first plane, only r = is possible in ( |C.16| ). This gives the following representations: 

(□,□, 2, 1) + (□,□, 2, 1) + (I, !,□,□) + (I, !,□,□). 
In the second plane, r = and r = 1 are possible, yielding 

r = 0: (l,n,n,l) + (□, ]l,l,n), r = i: (]l,n,n, I) + (□, I, !,□). 
In the third plane, r = and r = 2 are possible, yielding 

r = 0: (n,!,^,!) + (I, □,!,□), r = 2: (□, I) + (]I,n, !,□). 
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The open string spectrum of a general type IIB orientifold with or without discrete torsion 
is determined by the matrices A that satisfy (|C.1|) and, in addition, 



lnX''ln' = r{n)X, (C.18) 

where 7^ represents the action of the world-sheet parity Q on the Chan-Paton indices of the 
open string and r{Q) the action of Q on the oscillator state of the open string. In complete 
analogy to the orbifold case, the spectrum can equivalently be obtained using the shift for- 
malism. The additional condition ( |C.18|) implies that the gauge group G before the orbifold 
projection is SO{4:J2k,i^k,i) resp. USp{4:J2k,i^k,i) if In is symmetric resp. antisymmetric. 
In the case of orientifolds with discrete torsion, one has to find all root vectors of G 
that satisfy (|C.15| ), ( |C.16| ). As a consequence of Qgfl = g, the matrices 7^ now form a real 



projective representation and only discrete torsion e = ±1 is possible. 

In this case one must also distinguish between orientifolds with four different boundary 



conditions on the gauge bundle: 7^ = ±1, -y^'^ = ±1. In the shift formalism this translates 



to 

" \ i(l, . ... 1) mod Z if 7,1 = -I 

and similarly for MVg^. As mentioned above (below eq. ( U.lij| )), there is an ambiguity in the 



choice of a basis for the Chan-Paton matrices A which leads to an additional phase in the 
action of g2 on A. It turns out that the above prescription, using a shift Vg,^ of the form (|C.14| ) 
and requiring the conditions ( |C15| ), ( |C16| ), corresponds in the orientifold case to 7*^ = — I. 
However, using the shift Vg^ of the form ( |C.7| ) for the group element gi, corresponds to 
7^ = 3, as expected. If 7^ = — I, 7gJ = 2, then the general form of the shifts given above, 
eqs. ( |U.7| ), ( |(J.14| ), is modified to (using s = 2 and taking M/2 copies of ( |(J.7| )) 



_L(i«o,o^ (iV + 1)"0'0, 3"i'0, {N + 3)"i'0, ...,{N- l)"^/2-i,o, {2N - l)"^/2-i,o| 

r°'\ {N + . . . I • • • I . . . (2A^ - l)"^/2-i,Af/2-i^ ^ (C.20) 

^(r°,3^i,...,(M-lfM/-i), with ni = J2nk,i. 



The permutation Ug^ is not modified. The gauge group is determined by the roots p"' that 
satisfy one of the two conditions 

p''-Vg, = OmodZ, p^-V^g, = ^modZ, n,,(p'^) = (-If p^ r = 0, 1. (C.21) 



The matter fields are obtained from (|C.16|) by setting s = 2. 
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